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Abstract
We consider the supersymmetric eld theories on the noncommutative R4 using the
superspace formalism on the commutative space. The terms depend on the parameter of
the noncommutativity  are regarded as the interactions. In this way it is constructed
that theN = 1 supersymmetric action for the U(N) vector multiplets and chiral multiplets
of the fundamental, anti-fundamental and adjoint representations of the gauge group. It
is also obtained that the action for vector multiplets of the products gauge group and its
bi-fundamental matters. We discuss the problem of the derivative terms of the auxiliary
elds.
E-mail: seiji@hep-th.phys.s.u-tokyo.ac.jp
In the past few years there has been much development in our understanding of the
dynamics of supersymmetric gauge theories and superstring theories. Among these it has
been discovered that the noncommutative gauge theories naturally appear [1, 2] when the
D-branes with constant B elds is considered.
Recently Seiberg and Witten have argued that the noncommutative gauge theories
realized as eective theories on D-branes are equivalent to some ordinary gauge theories
[3]. In a single D-brane case, they have shown that the eective action for the D-brane is
consistent with the equivalence if all derivative terms are neglected. Furthermore, it has
been shown that the D-brane action, including derivative terms, computed in the string
theory is consistent with the equivalence if we keep the two derivative terms but neglect
the fourth and higher order derivative terms [4, 5, 6].
For deeper understanding for these phenomena, it is natural to investigate the eld
theories on the noncommutative geometry by the eld theoretical approaches. In partic-
ular by the perturbative analysis it was found in [7] that the IR eects and UV eects are
mixed in the noncommutative eld theory.
To proceed further it may be important to study the noncommutative eld theories
with supersymmetry since their actions are highly constrained and we may understand the
dynamics of these theories. To obtain the supersymmetric action, superelds on the non-
commutative geometry may be desired. Explicit two-dimensional N = 1 noncommutative
superspace was obtained in [8].
However, in this note, instead of investigating the noncommutative superspace formal-
ism, we consider the ordinary superspace and superelds [9] and represent the noncom-
mutative eld theory using these notions. From the commutative supersymmetric action
written by the superelds, we can obtain the noncommutative supersymmetric action
by replacing the ordinary product between superelds to the  product dened by the
formula




Here we regard the additional terms depend on ij as the interaction terms with deriva-
tives although we do not expand the  product explicitly. We can do so because if  is
supereld then @n is also superelds. Thus it is obvious that this action has the super-
1
symmetry and the R symmetry when it exists in the action with  = 0 because @ = 0
where  is the fermionic coordinate. This treatment of the superelds is similar to the
notions of superspace and superelds in noncommutative geometry [10], in which only the
chiral superelds has been considered.
In this paper, we consider the N = 1 supersymmetric theories on the noncommutative
R4 although above observation does not depend on the dimension of the spacetime and
the number of the supersymmetries. It is constructed that the N = 1 supersymmetric
action for the U(N) vector multiplets and chiral multiplets of the fundamental, anti-
fundamental and adjoint representations of the gauge group. It is also obtained that the
ones for gauge elds of the products gauge groups and its bi-fundamental matters.
It is argued that even if we do not require the supersymmetry, only these gauge groups
and the matters are possible for the noncommutative gauge theories. We also nd that the
scalar potentials have some characteristic forms and discuss the problem of the derivative
terms of the auxiliary elds.
The convention and notation taken in this paper are same as in [11] except for the
spacetime indices, which are denote by ; ;    in this paper, and the gauge eld A.
First we consider the chiral superelds which satisfy D _ = 0. Using the coordinate
ym = xm + im, these are written as (y; ; ) = A(y) +
p
2 (y) + F (y). The

















fi) = f1  f2      fn; (3)














d2 2 = 1 and
R
d2 2 = 1. This is invariant under K(i;yj) ! K(i;yj) +
F () + F (y)y. Although the action of the component elds can be obtained straight-
forwardly, we will only give some examples below.
First we consider the action with K = y   + a    (y) + ay  (y)  (y) and
W = 0, where a is some numerical constant. Note that
(A B)y = By  Ay: (5)











F yF + (aF (F y  A) + aF (A  F y) + aF (F  Ay) + h:c)

: (6)






d4xB  A; (7)
which implies that the integral of the product of elds with  product are unchanged by
the cyclic rotation of the elds. Thus the action clearly contains the derivative of the
auxiliary eld F and it is dicult to eliminate it from the action using the equation of
motion. Moreover F may become the propagating eld if the noncommutative parameter





i  i below.
With this K, the action with non vanishing superpotential does not have the derivative
of F then F can be eliminated. This can be seen from the fact that the terms which depend
on F in the superpotential are linear in F . For example, the F dependent parts of the






F yF + a
nX
i=1
F (An−i)  (Ai−1) + h:c)
!
: (8)




















where the mass mij is symmetric in their indices, however, the coupling gijk should not























The equation of motions of Fi is
F yi = gi +mijAj +
1
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(gijk + gkij + gjki)AjAk; (11)
and the supersymmetry transformation becomes (2) with this Fi. We note that the typical
scalar potential has the form AyAyAA and the notion of holomorphy is still valid at
 6= 0.
Now we consider the vector superelds V = V y [14, 15] ,
































Since the  product contain derivative, the ordinary gauge invariant action for the vector
superelds can not be generalized to  6= 0 case. Then we should introduce noncommu-
tative gauge eld A = T
aAa, where T
a is a representation matrix of the gauge group G
and satises that (T a)y = T a and Tr(T aT b) = k.
Hereafter we briefly discuss the some properties of the noncommutative gauge eld
without requiring supersymmetry in order to prepare to treat the vector supereld. We
assume that the noncommutative gauge transformation is the naive generalization of the
ordinary Non-Abelian gauge transformation,
A ! U AU−1 + iU @U−1; (13)
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where U = (ei), U−1 = (e−i) = U y and  = T aa = y. The innitesimal version of
this is





[T a; T b](aAb + Aba) +
i
2
fT a; T bg(aAb − Aba): (14)
From this if fT a; T bg is not a linear combination of T d for some a; b, the gauge trans-
formation is not closed. Thus the noncommutative gauge transformation is consistent
only for unitary group G = U(N) or its direct product G =
Q
a U(Na)
(a). In addition to
this restriction, we should take T a as the matrix of the fundamental or anti-fundamental
representation by the requirement of the closure of (14). However T a and ~T a = −tT ,
which represent the fundamental and anti-fundamental representations respectively, give
the dierent gauge transformations via (14). Then we take (T a)ij to be the matrix of the
fundamental representation, N N Hermitian matrix.y
We can see that the representation of the gauge groupG of the matter is also restricted
to fundamental (N), anti-fundamental ( N), adjoint (N  N) or bi-fundamental (N 
M) from the consideration of the possible form of the covariant derivative. In [16] this
restriction has been shown forG = U(1) case, where T 1 = k
1
2 . For the fundamental matter
represented as the row vector ( )i =  i, the gauge transformation and the covariant
derivative are given by  ! U  and
D = @ − iA ; (15)
respectively. We can easily check D ! U  (D ) under the gauge transformation.
Noting D y  (D )y = @ + i yA, the covariant derivative for the anti-fundamental
matter ( ~ )i = ~ i, which is transformed as ~ ! ~ U−1, is
D ~ = @ ~ + i ~ A: (16)
The adjoint matter ( adj)
j
i, which is transformed as  adj ! U  adj U−1, can have the
covariant derivative
D adj = @ adj − iA adj + i adj A: (17)
yOf course we can choose the matrix of anti-fundamental representation instead of the one for funda-
mental representation.
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This is also seen from the covariant derivative for the bi-fundamental matter ( N M )
j
i,
where j = 1 : : :N and i = 1 : : :M , is
D N M = @ N M − iA(1)  N M + i N M A(2) : (18)
Here A(1) and A
(2)
 are the gauge elds for U(N) and U(M) respectively and the gauge
transformation for it is given by  N M ! U (1) N M U (2)−1.
The interaction terms are severely constrained by the gauge symmetry and the possible
forms of the terms are the polynomials of ~ ( adjn) , and Tr( adjn) for G = U(N).
For the product group case, there are other terms which allowed by the symmetry.
On the basis of these observation, we return to consider the vector superelds V =
T aV a. We dene the noncommutative super gauge transformation as











W !W0 = (e−i) W  (ei): (21)
Because of
V 0 = V + i(− y) +    ; (22)
we can choose the Wess-Zumino gauge in which C; ;M;N are eliminated. In the Wess-
Zumino gauge we see





F = @A − @A − iA  A + iA  A; (24)
and
D = @− iA  + i  A: (25)
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, we obtain the action of the non-























Note that the denitions of F and D depend on .
Next we consider the chiral superelds coupled to the vector superelds. The gauge
transformations for the fundamental, anti-fundamental, adjoint and bi-fundamental chiral
superelds are given by
 ! (e−i)  ;
~ ! ~  (ei);
adj ! (e−i)  adj  (ei);
N M ! (e−i(1))  N M  (ei(2)); (27)
respectively.












−(DAy)(DA)− i y(D )− Ay D  A













−(D ~A)(D ~Ay)− i ~ (D ~ y) + ~A D  ~Ay
−i
p
2 ~A  y  ~ y + i
p



















−(DAyadj)(DAadj)− i yadj (D adj)
zAlthough it is straightforward to obtain the action for the case of general Ka¨hler potential, we only











2Aadjy yadj + i
p









)  yN M  (e−2V
(1)






−(DAyN M)(DAN M)− i yN M (D N M)
−Ay
N M












2AN M ((2))y yN M + i
p
2 N M (2)AyN M + F yN MFN M

: (28)
In the  = 0 case Tr(e2V yadje










where T cadj is the matrix of the adjoint representation and we have used e
YXe−Y =
X +[X; Y ]+ 1
2
[Y [Y;X]]+   . However the generalization of (29) to the  6= 0 case is not
noncommutative gauge invariant. For the anti-fundamental chiral supereld the similar
phenomena can be shown and in general we should use the matrix of the fundamental
representation T a only.
We note that there are no derivative terms of the auxiliary elds D in the actions (28)
and typical scalar potential are the form of AyAAyA, which is dierent from the one from
the superpotential. In [17] it has been shown that the noncommutative complex scalar
eld theory with the interaction AyAAyA does not suer from IR divergences at one-loop
insertions level. It is also seen that the classical moduli space of vacua is unchanged by
varying .
Finally as in the commutative case we can obtain the transformation of the supersym-
















D = −(D)− (D(a)): (30)
This formula is valid for the chiral superelds of any representation of G.
The form of the noncommutative gauge invariant superpotential are constrained as
stated for the component elds. Using (10), we can easily write down the action of the
component elds for any superpotential which is renormalizable at  = 0.
It is possible to generalize these considerations to the extended superspace. On the
other hand, we can construct the action with the extended supersymmetry by the N = 1
superelds for commutative case. We can easily construct the action with non-vanishing
 corresponding to the commutative action with the extended supersymmetry. Even
at  6= 0, these action has the extended supersymmetry because of the existence of
the R symmetry which rotates the generators of the supersymmetry. In fact the U(N)
noncommutative gauge theory with one adjoint chiral supereld, Nf fundamental and





~(i)  adj  (2) has N = 2
supersymmetry. We can also obtain the noncommutative N = 4 supersymmetric action
with W = Tr(
(1)
adj  ((2)adj  (3)adj − (3)adj  (2)adj) ), where (i)adj are three adjoint chiral
superelds.
The eective theories of the D-branes on the orbifold are the quiver gauge theories [18]
or the elliptic models [19] which have bi-fundamental matter. Thus it is interesting that
the possibility of the supersymmetric gauge theories with bi-fundamental matters shown
in this note.
In this paper, we have considered the N = 1 supersymmetric theories on the non-
commutative R4. It has been constructed that the N = 1 supersymmetric action for the
U(N) vector multiplets and chiral multiplets of the fundamental, anti-fundamental and
adjoint representations of the gauge group. It has been also obtained that the ones for
gauge elds of the products gauge groups and its bi-fundamental matters. We have been
argued that only these gauge groups and the matters are possible for the noncommutative
gauge theories. We have also found that the scalar potentials have some characteristic
forms and discussed the problem of the derivative terms of the auxiliary elds.
It is interesting to generalize the results obtained in this paper to the nonlinearly
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realized supersymmetry. This is important because the supersymmetric DBI action which
is the eective theory on a D-brane has this symmetry [20] and has been used for the
instanton in the D-brane with the B eld [3, 21] which is related to the noncommutative
instanton [22].
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